Abstract: It is generally accepted that the interaction between a bridge and its abutment's backfill soil is highly nonlinear, especially under a strong earthquake loading that contains a velocity pulse. For bridges with skew abutments, the superstructure-abutment interaction can dominate the overall bridge performance. This study puts forth a new approach for predicting the lateral capacity of a skew abutment using verified high-fidelity three-dimensional continuum finite element (FE) models. The core idea is that the lateral capacity of a straight abutment is bounded from above and below by that of the abutment of a skew bridge that has the same deck-width, and that of another skew bridge (with the same angle) that has the same backwall length as the original/straight bridge, respectively. This postulation is then used in reverse to estimate the lateral capacity of a skew abutment, given the capacity of a straight but otherwise identical one with an arbitrary length. In prior research, the latter information had already been obtained in closed-form expressions that use physical parameters, such as backfill cohesion, internal friction angle and density, backwall height, and backwall-backfill friction angle. The approach presented here is constrained by the assumption that bridge deck will not rotate during loading. While this assumption is generally violated in a strong earthquake-because a skew bridge will tend to rotate, especially if its in-plane torsional rigidity is low, the model presented does serve as an anchor for parameterizing more advanced (e.g., macro-element plasticity) models that allow rotation, and also as fully parametric lateral response models for torsionally stiff (i.e., multi-span, multi-bent) skew bridges.
Introduction
Abutments are bridge-supporting structures at the interface of the bridge deck and the soil embankment. Fig. 1 (left) displays the components of a seat-type abutment, which is a typical configuration in California, the United States in general, and many parts of the world (see, for example, Refs. [1] [2] [3] ). During strong seismic events, longitudinal motion of the bridge causes a collision between the deck and the abutment backwall-which is lightly reinforced and is designed to break-and plastic deformations are induced in the backfill. This mechanism is intended to dissipate energy, and concentrate or limit the seismic damage to the abutments [4] . Reversals of inertial forces can cause the deck to unseat from the abutment, and thus, sufficient seat-length is required. Seat-type abutments also feature exterior shear keys that are used to counter possible transverse deck movements. They are proportioned and detailed to act as fuses that will break off under the design earthquake [5] .
The abutment-deck interaction becomes even more complex for "skew bridges" (Fig. 1, right) . Bridges with skew-angled abutments are constructed to accommodate geometric constraints resulting from the alignment of a waterway or roadway crossing that occurs at an angle that is different from 90 degrees. A significant number of bridges are constructed with some skew [2] .
The typical responses of a skew bridge abutment are schematically illustrated in Fig. 3 , wherein the abutment reaction is decomposed into its normal and tangential components relative to the backwall. In the absence of skew, significant soil-backwall interaction occurs only in the normal direction, whereas both D DAVID PUBLISHING directions Moreover, superstructu the skew a translations Significant efforts have been undertaken to characterize the nonlinear load-deformation characteristics of non-skew abutments having cohesive and granular backfills [7, 8] . The current inventory of test data that can be directly applied to develop design guidelines is limited to non-skew backwalls (α = 0), backfill materials consisting of well-compacted clay or silty sand of varying relative density, and backfill heights of 1.7 and 2.4 m (for an overview, for example, Ref. [7] . This inventory only captures abutment-soil response in the normal direction and for zero skew-angle.
This study aims to tackle the relatively restricted case of the lateral-and only lateral-movements of a skew abutment's backwall. The objective is to offer a closed-form expression for lateral behavior that is, by-and-large, based on physical parameters. This expression will be derived in what follows using verified and validated high-fidelity three-dimensional continuum finite element (FE) models. It is expedient to note here that while such a model (i.e., one that only applies to non-rotating backwalls) may appear too restrictive at first, it will be extremely useful in two ways: (1) it will enable the development of a more complex model that is based on resultant-based plasticity, by serving as an anchor point in that model's yield function; and (2) it will directly yield the lateral behavior of a skew abutment that belongs to a bridge that is torsionally stiff in plan (e.g., a bridge with multiple bents) as depicted in Fig. 2 (right).
The remainder of this manuscript is organized as follows: descriptions of the numerical models developed to simulate skew abutments are provided first. Results from these numerical models-namely, FE models developed using Plaxis [9] , and a limit equilibrium model, dubbed Log-Spiral Hyperbolic (LSH), by Shamsabadi et al. [7] -are compared to each other, and are validated using data from a full-scale field test. Based on parametric studies using the validated numerical models, a simple relationship is devised using regression techniques, which quantifies the effects of the skew angle on the lateral load-displacement backbone curve (and, incidentally, the lateral capacity). The veracity of the proposed relationship is assessed against 3D FE results through a series of blind predictions, for which the model matrix comprises different combinations of wall widths and skew angles. Because the scenario of a backwall translating only laterally (i.e., no rotations or side-sway) is very unlikely, even for torsionally stiff bridges, a series of sensitivity studies are carried out. These studies provide a quantified understanding of how small rotations and side-sway can affect the backbone curve.
Description of the Finite Element Models and Their Validation
The software package "Plaxis 3D Foundation" [10] was used for FE simulations of all the non-rotating walls in the present study. Test data by Stewart et al. [8] , henceforth referred to as the "University of California, Los Angeles (UCLA) test", were used to validate various aspects of these FE models. All models featured 15-noded quadratic wedge elements to avoid locking. The models prepared for this study typically hadapproximately 50,000 elements (i.e., 360,000 degrees of freedom), which afforded adequate resolutions of the backfill failure mechanism. A representative model is shown in Fig.3 , which represents a bridge with a 60-degree skew, and 60ft-wide deck. Other modeling details and the simulation results are presented next.
Constitutive Model for the Backfill
The soil constitutive model for the backfill is arguably the most critical ingredient of the FE simulations. In this study, the "hardening soil" (HS) model available in Plaxis for both two-and three-dimensional FE simulations was chosen, because the HS model was observed to provide results that were more consistent with field test measurements than the The aforementioned limit equilibrium model is the log-spiral-hyperbolic (LSH) model described in Shamsabadi et al. [7] . The LSH model is a plane-strain model that utilizes a kinematic hypothesis regarding the shape (a log-spiral curve) of the soil failure surface(s). This model was validated against various field and centrifuge test data (see Shamsabadi et al. [13] ). The specific material parameters of the LSH model for the UCLA test are also shown in Table 1 . Fig. 4(b) displays the mobilized failure surfaces computed using the LSH model for the UCLA test. These surfaces match very well with both Plaxis results and the measurements taken after the excavation of the backfill at the test site (see Stewart et al. [8] ). Deeper failure surfaces correspond to larger lateral wall displacements. As the lateral resistance approaches ultimate capacity in both LSH and Plaxis simulations, new failure surfaces form in the immediate vicinity of the previous ones with diminishing separation towards the ultimate failure surface; therefore the rupture lines are concentrated near the bottom-end of the backwall.
The LSH model calibrated for the UCLA test-which had a backwall width of 4.57 m (15 ft)-was then used in subsequent simulations wherein all model parameters were kept constant, except the wall width, which was varied from 4.57 m to 36.58 m. Widths less than 4.57 m were not explored because they are too narrow to encounter in actual bridges. A total of 47 such simulations were carried out in this backwall width range (more-or-less uniformly spaced). The same model matrix was also evaluated using Plaxis. Fig. 6 displays backbone curves for some of these simulations, wherein it can be seen that the results from LSH and Plaxis are very consistent. Furthermore, the shapes and extents of the failure surfaces predicted in both the LSH and Plaxis simulations are also consistent (as seen in Fig. 4 , for example). In both LSH and Plaxis simulations, the ultimate failure surface is observed to intersect the ground line at approximately at 4.7 m away from the wall. This distance is more-or-less constant for all wall-widths. Since the wall-height was constant in all these simulations, which was 1.67 m (5.5 ft), it is fair to state the failure surface reaches the ground level at approximately 3 times the wall-height, regardless of the wall-width (at least for the present plane-strain case with UCLA soil).
The results of the aforementioned simulations suggest that Plaxis can be used for geometries and loading conditions other than those that were tested, or simulated using LSH. In particular, with all other parameters being the same, it is fair to state that Plaxis will produce accurate predictions when the wall skew angle is changed from zero to other values. Such parametric studies will be presented next, and those results will be used to develop lateral load-deflection relationships for skew abutments.
Response Correlations between Straight and Skew Abutments
Using the LSH model-or the Extended Hyperbolic Force Displacement (EHFD) model presented in Shamsabadi et al. [13] , which provides the backbone curve in closed-form for different backfill properties and backwall heights-it is possible to obtain the backfill reaction for straight seat-type abutments. The method that will be described below will seek to utilize this information in predicting the response of a skew abutment (for any skew angle) that has the same backfill and backwall height.
The method is based on a simple conjecture: a skew version of a straight abutment will have lower capacity if the skew abutment has the same wall length as the straight one; and a skew version of the straight abutment will have higher capacity if the skew abutment has the same deck-width as the straight one. This is true for any skew angle as long as the backwall is not allowed to rotate about the vertical axis. These lower and upper capacity curves are henceforth referred to as the lower-bound (LB) and the upper-bound (UB) backbone curves, respectively.
The conjecture above means that the two skew configurations will bracket the backbone curve of a straight abutment. That is, 
(2) where, CPW(α) denotes capacity per unit wall-length for a given abutment with α degrees of skew. If this conjecture is true, then it will be possible to relate the capacities of UB and LB backbone curves to each other.
This second conjecture can be tested by examining the variation of a dimensionless parameter, dubbed here as MCR (mutual capacity ratio), which is defined
Ideally, if there are no distorting factors (e.g., the boundary effects due to the presence of wingwalls) then MCR ij will be equal to 1 for any wall length (different values indexed by i's and j's here). (i.e., backwall lengths larger than 15 m and skew angles less than 45 degrees), the second conjecture is even stronger (i.e., ±10% or less).
Correlation Parameter λ
With the two conjectures in hand, it is now possible to formulate a direct relationship between (1) the lateral capacities and load-displacement curve of a straight wall and (2) the lateral capacities and load-displacement curve of a skew-angled version, given any angle α, in combination with height and backfill soil properties.
To achieve this, we first introduce the weight (or mixing) λ parameter. There will be two different versions of λ in this study: one obtained from capacity-only considerations, and another by considering the entire backbone curves. Starting with the capacity-based version, we define λ through the 
where, the substitution was made from Eq. (2). Therefore, Eq. (4) represents a relationship between the capacity of a straight wall and a skew-angled version of it. Given the capacity of a straight abutment, a skew angle α, and appropriate value of the mixing parameter λ, Eq. (4) will yield the capacity of its skew-angled version. It is now only a matter of finding the appropriate values of λ, which inevitably vary with respect to wall width and skew angle. However, as discussed above in conjunction with the findings presented in Fig. 8 and Table 2 , it may be possible to obtain a single optimal value of λ that works well for all wall widths and abutment skew angles. This can simply be achieved by defining the minimization problem:
This is a linear least-squares problem and the optimal λ value (denoted byλ * ) is:
The approach presented above to determine a capacity-based optimal value for λ could also be applied equally to the entire backbone curve. In other words, a single/optimal value of λ can be obtained, which approximates the entire backbone curve of the skew abutment (not just its capacity value) using that of its corresponding straight abutment. This version of λ can be computed by minimizing:
where, Δ i denotes the discrete values of lateral displacement at which the nominal, upperand lower-bound backbone curves are sampled. Again, this is a linear least-squares problem. The optimal λ value (denoted by λ # ) is:
It is expedient to note here that all three curves in Eq. (8) are generated through 3D FE simulations with force-control and automated sub-incrimination to achieve convergence in equilibrium iterations. As such, they will not necessarily be sampled at identical displacement increments. Therefore, in order to achieve constant displacement increments, we carried out simple searches to the bracket and linearly interpolate the needed capacities between those that were directly obtained from the 3D FE simulation.
Optimal λ values given by Eqs. (6) and (8) (i.e., capacity-and backbone-based, respectively) are shown in Fig. 10 . As suggested earlier, for both cases, most of the optimal λ values are clustered around 0.5. Also, ∂e ult ∂λ λ=λ
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Optimal λ o the definiti always guara 0 < λ * <1. Fig. 10(b) . O ased definitio magnitudes hig utment's bac d backbone ion. It is us r the wall tha gest wall len Fig. 10(a) ). even the looser (i.e., 90%) sensitivity interval that provides a good fit for all skew angles and wall widths. Nevertheless, it is still possible to produce an acceptable single/constant λ value, as described next.
A Recommended λ Value for Engineering Practice
Although an optimal λ within the 90% confidence interval was not achieved, it is still possible to introduce a single/constant λ value that will provide the minimum possible error when estimating the capacity and backbone curve of a skew-angled bridge (i.e., a pareto-optimal λ). This value can be computed by using the optimal λ's (and their corresponding objective function values) obtained for each skew angle and abutment wall length combination. As stated earlier, this single λ value will not be within the 90% sensitivity interval for all cases, but it can be devised to work very well for most commonly encountered deck widths (> 10 m or 30 ft) and skew angles (< 45°).
To compute the pareto-optimal value of λ, we used three different minimization methods, results of which are shown in Fig. 13 . The curve marked as "L 1 norm" indicates the values of an error function, which was devised by simply adding the absolute values of the differences between the candidate pareto-optimal λ (the x-axis in Fig. 13 ) and those optimal λ values that are shown in Fig. 11 . The alternative approach was to relax the requirements and only to insist on minimizing the L 1 -distance between the pareto-optimal λ and those λ values that resided within the 90% sensitivity interval (i.e., the L 1 -distance for a candidate pareto-optimal λ is measured from the closest edge of this interval; and if candidate pareto-optimal λ is already within the interval, then its L 1 -distance is set to zero). This objective function's value with respect to λ is marked as the "L 1 + dead zone minimization" in Fig. 13 . The third and final approach was to introduce a weighting scheme into the second method, and (9) where, λ i 90%-ceiling denotes the ceiling value of the i-th optimal λ. This type of weight (w i ) gives more importance to narrower sensitivity brackets (while noting that the coefficient 0.1 is arbitrary and has no effect on the pareto-optimal λ value, and it is used merely to scale the objective function in Eq. (9)).
The three approaches above yielded the pareto-optimal λ values as 0.550, 0.553, and 0.572, respectively. In view of many anticipated epistemic and aleatoric uncertainties associated with the present problem (e.g., uncertainties soil parameters and field compaction, finite element modeling errors, etc.), it is reasonable to round this number and use λ = 0.6 to predict the behavior of skew abutment walls using the curves estimated for straight abutments results (see, for example, Refs. [13, 15] ).
It should be noted that only the capacity-based optimal λ values (i.e., data from Fig. 11 ) were used in the calculations above. Also, walls with 5 m wall-lengths as well as 60° skew angles were all included in the calculations. It goes without saying that a more accurate λ value (than 0.6) for a specific case can easily be obtained by finding the closest possible λ's from Fig. 11 (or 12) , and then by interpolating between these values.
Blind Predictions
In order to assess of the accuracy of the proposed λ = 0.6 , some additional abutment configurations were studied. These are four new configurations that were not used as data in the optimization procedures described earlier, which include two wall lengths-i.e., medium (17.4 m) and wide (36.6 m)-and two skew angles-moderate (25°) and severe (55°). The results are shown in Table 3 . For each case, the estimated upper and lower bound walls' capacities are calculated using the proposed λ = 0.6 and Eq. (4), wherein the value F Straight ult is computed using the LSH formulae described in Shamsabadi et al. [13] . Another set of LB and UB estimates is provided by using λ values interpolated from data presented in Fig. 11 (the interpolated λ 's are shown in parentheses in Table 3 ).
Also, exact values are calculated using FEM models for each case and displayed in Table 3 As seen, the recommended λ = 0.6 works nearly as well as the interpolated λ values. Moreover, the results appear to be adequately accurate with a maximum relative error for predicted capacity being 12%. It is important to note that the values marked Shamsabadi et al. [13] (or the more general version provided in Khalili-Tehrani et al. [15] ), which use the backwall height and soil data as input parameters. As such, these LSH calculations are instantaneous in comparison to 3D FEM simulations. Moreover, they can be used to obtain estimates of the complete backbone curves.
Conclusion
This study provided a method to predict the lateral load-deformation behavior of seat-type skew bridge abutments under pure lateral displacements. This predictive model for skew abutments was based on two conjectures, which were put forth in the present study and tested for accuracy through numerical simulations with three-dimensional finite element models. These simulation models were identical to those that were validated against test data from a straight abutment given by Stewart et al. [8] , except for the abutment skew angle, which was gradually varied in systematic parameter studies. The results from these studies suggested the use of an optimal λ coefficient (with a recommended value of 0.6) with which the lateral load-displacement backbone curve of a straight abutment (as well as the lateral capacity) can be transformed into that of a skew-angled abutment given the skew angle (α). A previously verified and validated limit equilibrium method that uses physical parameters (such as the abutment backwall height, soil properties, etc.) supplies the lateral behavior of the corresponding straight abutment [13, 15] .
